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Abstract

Important aspects of the combustion instability a,
phenomenon are not addressed in any of the presentb; €, €
developing programs for nonlinear combustion instability E
analysis. The irregular burning effect, characterized b)km
a sometimes very large mean pressure increase is pf
particular concern. There can be little confidence in anyn
analytical tool if it does not incorporate the necessaryMy,
fundamental physical/chemical interactions that lead te
these fundamental aspects of combustion instability. Thig
paper describes the known characteristics of the DC shiff,
effect, the several mechanisms that have been proposed
for its origin, and new insights, which come from R
inclusion of physical elements that have either not beers= k,,/ M,
included before or have been incorrectly evaluated. Of
key importance is the role of vorticity in the nonlinear u’
interactions in the burning zone. lIts inclusion yieldsUy, Uz
second order corrections to the gas motions in the burningy
zone that are much larger than those that have be
suggested in models based on irrotational flow. Of great
importance is that the geometrical features of these
corrections matches the observed pattern of increaseg
burning. Both longitudinal and transverse wave motionsy
can produce a DC shift, but the new theory shows thag
the transverse case yields a significantly larger increase
in local burning rate. e

Introduction
A= Mp/Km
There can be no confidence in existing or proposed
predictive and interpretive analytical tools for combustionp
instability problems until certain basic features of thegr)
phenomenon are fully understood. Some of the truly basigr,z)
aspects of the phenomenon are not addressed in any fr)
the presently developing programs for nonlinearg’
combustion instability analysis. Of great concern is theQQ
serious lack of understanding of the origin of what is
often referred to in the literature as “irregular burning.” Subscripts
This has come to be known as the DC shift, or the “meab
pressure shift.” m
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Nomenclature

Mean speed of sound

Unit vectors inr, 6, andz directions
Normalization constant for moade
Wave number for axial mode
Chamber length

Mode number

Mach number at burning surface
Outward pointing unit normal vector
Pressure

Mean chamber pressure

Radial position

Chamber radius

Strouhal Number

Time

Oscillatory velocity vector amplitude
Mean flow velocity component
Function of r in axial velocity

Radial position y=1—r)

Axial position

Growth rate (dimensiona!sec_l)
Ratio of specific heats

Inverse square root of acoustic
Reynolds numbefé =.V/ag R)
Wave amplitude

Vorticity function (defined in Eq. (16)
Viscous scaling parameter

Inverse of Strouhal number
Kinematic viscosity(v = 1/p)
Density

Function defined in Egs. (28-33)
Vorticity spatial distribution function
Exponential argument, Eq. (20)
Amplitude of vorticity fluctuation
Mean vorticity amplitude

Combustion zone
Mode

Dimensional quantity

Amplitude of time-dependent part
Vortical (rotational) part

Acoustic (irrotational) part

Real and imaginary parts



The experimental data provide overwhelmingoscillations in a test device similar to a tactical rocket
evidence that the DC shift is the result of an enhancerhotor® In this particular case, the instability was
propellant burn rate when gas oscillations parallel to thériggered by a pulse fired at about 2.0 seconds. Nonlinear
burning zone are present. Earlier models could not shogrowth of the oscillations followed with an associated
a valid mechanism for the implied steady contribution tanean pressure rise.

the heat transfer processes. Of necessity, the interactions,,,,,

must be of the second order in the wave amplitude. All
of the obvious nonlinear effects in the governing

equations cannot produce any important influence on the
burning rate, since they are of the order of the wave

amplitude, that is they a®(¢2). An important goal of 7 °%¢

the following work is the demonstration that the failure% X
of the previous attempts can be traced to the assumpti@ 1250
that the unsteady flow field is of a strictly acoustic type;s. \
that is, it isirrotational. It has been demonstrated in £ 1000
other recent works that inclusion of the rotational effect® i
leads to greatly improved physical understanding an@ 750
improved agreement between theory and experiment. ki
particular, the exact origin of the heretofore poorly 500
understood flow turning phenomenon has now been
traced to the vorticity created at the burning zone by wave
motions parallel to the surfaéed &90 kr,
The goals of the work described in this paper are to: o5 0 ) " > e 5
Time (seconds)
e Review the experimental evidence for the DC
shift effect Fig. 1 - Typical DC Shift (NAWC6 Motor No, 4)
e Review the several proposed physical Figure 2 illustrates the relationship between the mean
mechanisms pressure rise and the amplitude of the longitudinal gas
oscillation.
e Clarify the physical origin of the DC shift 200 [T

by including rotational flow corrections in
the nonlinear description of the unsteady
gas flow 180

Experimental Evidence 100 -

The DC shift was probably the first evidence of
combustion instability to be observed in rocket motor
experiments. What follows is not an exhaustive coverage g
of the very extensive literature on the subject of what is =
usually called irregular burning The authors have or
carefully sifted the evidence to determine the most i
complete sets of data available. These were produced in
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careful experimental settings using the best o

instrumentation and interpretive procedures that were
then available. Many of the earliest interesting cases
(often involving explosive destruction of the test device)
are not discussed here simply because the instrumentation
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necessary for identifying the frequencies of any gagfgreatimportance is the clear evidence in Figure 2 that

oscillations present was not in place.
Figure 1 shows a typical example of the mea

the mean pressure shift depends in a very nearly quadratic
pvay on the wave amplitude. This verifies the fundamental

pressure rise accompanying longitudinal moddd€a suggested by many investigators that steady
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corrections related to the gas oscillations must appear models such as those proposed earlier by Greé&uch

the second-order nonlinear interactions. Hence, thenmodels suggest that the gas motions produce enhanced
should be a dependence on the square of the waveat transfer to the propellant with an associated burning

amplitude as Figure 2 indicates. rate increase. An explanation for the decreased burn rate

Brownlee’s excellent data seshows similar near the ends of the chamber was not so easy to explain
dependence for the tangential modes of oscillationin such a context. Clearly, any valid model for the DC
Before the use of metallic additives, this was the mosshift phenomenon must account for all features of the
often observed type of oscillatory behavior, and thedata.
associated DC shifts were very large. It is often notes
that the mean shifts accompanying transverse oscillatior \/—
are relatively more severe than those seen in th ap
longitudinal case. A very important set of tests by
Brownlee involved motors with grain surfaces in a “slab”
arrangement. Large amplitude instabilities with the
combustion gases “sloshing” between the propellan
surfaces was observed , but no DC shift was seen. Tl
crucial element of these tests was that the mean shift on
appeared when there was a component of oscillatory gi
velocity parallel to the burning surface.

Perhaps the best available data pertaining to the D
shift are those taken by Price and his co-worRér#\
carefully designed test device employing two chamber
with grains of identical diameter and propellant ~ -0 : 05 : To
formulation were used. The primary grain was unstabl Normalized Distance along Gharge
in the first longitudinal mode and burned with the usua
DC shift. It was connected to a the secondary chambe¢ ~ 49r
through an acoustic filter so that the oscillations coulc
not affect its behavior. It was also heavily damped by
means of a tuned cavity. Interrupted firings showed the
there was enhanced burning in the unstable grair
Measurement of the two grains enabled the part of th
burning caused by the oscillations to be separated frol
that due to the mean changes in the chamber pressu
Results are shown in Figure 3. Data from both doubl
base and composite propellants are illustrated. Th
pressure and velocity mode shapes for the active moc
are shown at the top of the figure. The middle figure -
represents composite propellant measurements while t |
lower part shows the results for several double-bas Y
propellants. Normalized Distance along Charge

What is most significant is that the largest burning
rate was near the center of the chamber corresponding to Fig. 3- Variation of Burning Rate from Normal
the location of the velocity antinode (pressure node) of
the first longitudinal acoustic mode that was excited 5, elegant experiment was conducted by
during the tests. The figures show that not only was theithenbank and Sottdrin which the gas motions
effective burning raténcreasechear the location of the yring unstable burning could be observed through a
most vigorous particle motion, but was apparentlyyansparent head-end closure. These observations showed
decreasechear the ends of the chamber where thgya¢ ynexpected gas motions which they described as
oscillating pressures were hlghest (and velocmes. lowest), o rtices” appeared during periods of intense oscillation.
The very nearly symmetrical burn pattern is alsoggh |ongitudinal and tangential modes were observed,
noteworthy. , but the most important results were for a standing

Price interpreted this data to mean that thyngential mode which can be seen to transition from the
“scrubbing” of the gases in the combustion zone causéflst 1o second tangential mode during a single test.
the enhanced burning. This agreed in principle Witherrypted firings showed that there was enhanced
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burning at areas thought to correspond to the velocitthe DC shift. In this proposed mechanism, the vortex
antinodes as in Price’s longitudinal measurementscreated by acoustic streaming interferes with the nozzle
Figure 4 shows the observed gas flow for first and seconfiiow in such a way that the net mass flux is reduced along
tangential mode oscillations observed through the motawrith a consequent increase in mean pressure.
head-end.

Fig. 4 - Gas Motions Accompanying Fir st- Fig. 5 - Interpretation by Means of
and Second Tangential M odes Acoustic Streaming Theory

The dark areas are smoke thought by Swithenbank to be Later experiments by Rudi$:14indicated that the
moved toward the center of the chamber by vorticesortex/nozzle interaction explanation of the DC shift was
created by a mechanism known as “acoustic streamingriot consistent with the measurements. Rudy concluded
This is a classical nonlinear feature of large amplitudehat burning rate enhancement by the gas motions
acoustic oscillations. The patterns depicted in Figure depresents the basic mechanism. He also demonstrated
are reminiscent of those predicted in the elegant analysihat unusual steady motions accompany the oscillatory
by Maslen and Mooré? This idea is shown in the gas flow. In some tests there was evidence of enhanced
sketches by Swithenbank in Figure 5. His interpretatiomeat transfer at the chamber head-end. In the presence
of the superposed steady acoustic streaming vortices @6 a DC shift, there was apparent formation of an axial
shown. vortex which burned through the stainless steel head-end

Swithenbank and Sotter also observed travelinglosure at an estimated rate of 18 cm/sec. These tests
tangential modes in which a single axial vortex appeareditilized an aluminized propellant, and the oxide smoke
This gave rise to a theory, which they proposed to explaimay have played a role in the head-end erosion.
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Figure 6 shows the pressure time history for the motora/as often evidence that such damage occurred in the
with damaged forward closures and the actual head-emtocess of the DC pressure rise.
pieces. A list of proposed mechanisms must include:

4E

1 ® An actual burning rate increase

——
AL

@ Distortion of the grain (increased area)

® Mechanical deterioration of the surface
® Temperature rise in the bulk of the propellant

® Macroscopic fracture of the grain

® Interference of vortex flows created by non-
linear gasdynamic effects with the nozzle flow

Of these, only the first seems to fit all of the available
data. For instance, Price’s careful measurements make
it clear that this is the only acceptable mechanism.
Therefore, we concentrate on identifying the gasdynamic
effects that can result in such interactions. Such a
theoretical model must accommodate the other key
observations. For instance, there can be no doubt that
some steady flow effects (described as “vortices” by
Swithenbank and others) must be explained. Thus, the
word “vorticity” must enter the thinking, and it is
appropriate to give the credit for this observation to the

. . arliest investigators. In fact, in the pioneering work of
The behavior shown strpngly supports the view .thagoys and chhofield the combuF;tion ingtability
|mp0'rtant steady f'low' dlsturpance accompany hlgh'phenomenon was identified with high-velocity “swirling”
amplitude combustion instability. of the gaseds
Recent work on the linear combustion instability
problem has demonstrated the crucial importance of
vorticity in several aspects of the phenomenon. We are

Since the DC shift was interpreted to be a Veryreferrmg here to the general set of corrections to the

. L - unsteady flow field brought about by inclusion of
important feature of combustion instability from the very : .

- . . rotational flow effects These are neglected in all of the
beginning of serious solid rocket motor development,

. o Flassical analyses as being “of second order,” Thus most
there have been many attempts to identify its causes. i o . .
of the existing theory is based on an acoustic

fact, the description “combustion instability” was . : o NI
apparently coined to describe the irregular burning eﬁeclpterpretatlon of the 0§C|Ilat|ons. Such'models'|mpI|C|tIy
ntroduce the assumption that the flow is irrotational. The

long before it was associated with oscillatory motion of

. o - current linear stability tools (the Airforce Standard
the combustion gases. The historical summary by Pric " -
. o . tability Prediction Program, SSPP, for example) are
gives useful insight to the early views.

Many mechanisms have been proposed to ex IaiRased entirely on an irrotational mode.
y prop P The recent work of Flandro and othebhas shown

the phenomenon described above. Many of these WelRat very important features of the linear system behavior

based on rather incomplete data and were formulated in ; X
annot be treated properly without accounting for

the absence of any information about possible unsteacfy rticity effects. We are not speaking here necessarily

gas motions. Some of them were devised as an integra . - .
. of the “vortex shedding” phenomenon which represents

part of the unsteady flow effects, since they were always : . C L
ust one influence of the creation of vorticity in a realistic

recognized as an integral feature of the phenomenon. T}]t] 3w field. In particular, what was formerly a very

earliest models attributed the effects to fracturing or other ; . . o
. R mysterious element of the linear instability code, namely
mechanical damage to the propellant grain, since there’ ", -
the “flow turning” term, can now be fully understood by

Fig. 6 - Head-End Erosion Accompanying
High-Amplitude Tangential Wave Motion

Possible M echanismsfor the DC Shift



inclusion of the rotational flow effects. In that situation, ready been established, and fully explains the origins
the vorticity is created at the propellant surface by thef the flow turning effect in completely general three-
interaction between the acoustic waves with the meadimensional form. We now turn to the nonlinear as-
flow. In the presence of an axial unsteady pressurpects of these important interactions.
gradient (a longitudinal acoustic mode, for example)at The analysis is similar in many respects to that
the surface of the propellant, vorticity is created becauseescribed in detail for the linear case in recent publi-
this gradient is normal to the incoming streamlines. Thigationsl-> To save space, the reader is directed to those
phenomenon is easily understood by means of Croccofsapers for a complete mathematical treatment and for
theorem. physical interpretations and applications to the linear
This model shows that major modification of the combustion instability problem. The notation closely
wave structure occurs in the vicinity of the combustionfollows that used by Flandr®.
zone. Inthis paper we will examine the nonlinear aspects Table 1 gives typical physical parameters needed
of this phenomenon. In the process we will be able tin the analysis for several motor designs from the
identify those flow effects brought about by the unsteadgmallest type of laboratory research motor to the Space
parallel gas oscillations that lead directly to an elevate&huttle Booster.
mean burning rate. The experimental data set by Brownlee, charac-
terized in part by a conspicuous absence of a mean
Analysis presssure rise in slab motors despite large amplitude
wave motions, offers a compelling reason to begin our
The following analysis describes the nonlinearanalysis with the vorticity transport equation,
vortical interactions for the case of a transverse mode
of ingtability. The reason f.or initially'foc'using on this 0 ka_ﬂ) +V X (@x u)) _
special case is that it avoids complications related to at
the axial mean flow behavior. It will clearly show the
important effects and establish the important orders \Y
i is i i i i =3 VxVxo-~Lx py
of magnitude. ThIS. is an approprlate first step since 0 —(2+—]V(V-u)
much of the DC shift data pertains to the transverse
modes in any event. The complete first order unsteady ) )
solution for a combined longitudinal/transverse acousln subsequent duscussions, for clarity of presentation,
tic wave within a porous chamber is presented in th@nly the dominant viscous terMx V x @ is retained.
appendix. The details of the solution are to be thé\lthough not necessary, the isentropic approximation
focus of a later paper. At present, our discussion i§as also been introduced for simplicity; the baroclinic
concerned primarily with mean flow corrections, andtorque is therefore noticeably absent. This simplifi-
their inevitable connection with the DC shift phenom-cation, however, does not seriously compromise the
ena. validity of the results. A detailed investigation of the
The key idea is that unsteady vorticity is producedlame zone, to be described in a subsequent work, has
as a natural consequence of the gas motions parall@hown that the baroclinic and dilatation mechanisms
to the burning propellant. The importance of satisfaceffectively balance, and that the only real difference
tion of the no-slip condition at the interface has al-between the flame zone and the chamber flow, insofar

Vxo- (1)

Table 1. Physical Parametersfor Typical Motor Systems

L R M 6 Mode K S 1
(m) (m)
Small Research Motor 1L 1.331 76.87 1.0309
3 5,494
(Yang and Culick) 0.60 0.025 1.7 1T 1.8412 1083.1 207.97
- 1L 1.581 50.84 0.0624
Tactical Rocket 203 0102 3.13 2744 1T 1.8412 593.9 8.54
(Typical Geometry)
. 1L 9.242 28.30 0.0909
Cold Flow Experiment 1.73  0.051 3.33 6.07% 1T 18412 557.9 34.76
(Shaeffer and Browid)
1L 6.272 27.24 0.0035
Space Shuttle SRM 35.10 0.70 2.33 1.044 1T 1.8412 800.5 3.01




as vorticity is concerned, is an increase in viscous dif-
fusion once the combustion processes have ceased.

Consistent with the previous formulations, the.
flowfield variables are expanded in a typical regular
perturbation series,

(7

Z= Sir(%n rzjz

is a useful function which describes the mean flow
streamlines. The corresponding solution for the vor-
tical part of the velocity components is:

p=1+£p(l)+82p(2)+ 5 £ Ep()C$ZCOS{t+LrTﬁ_\I!)
m — Ex 0
p=1+epV+e2 g2 4., @) a1 03 ’ Cog mp) Cof )
S
U=MbU+8(l)((l)+Iﬁ(1))+82(l)((2)+llf(2))... +O(k|2)
- @ (2 1 —1Cog t+1 Mo — v
@=MpQ+ea o iy - Bao " Expl0) Cot Z{Sin(msfa) Sir{ t- )) ©
The flowfield variables have been rendered dimension- v
less by writing __|sin(t+1me —v)
~Bpo f EXp(0) SiN(2) .
* * * Cog mo) Sitf t )
P P 4
e PTee T M
(0] (0]
. ; @ -k +[k—2b]onf2 hao EXp(9) zCog 3 *
tzk%t* I’=E Z:kIE I
Cog t+1 mo— )
where *
Cog mp) Cof t )
k= kfn + kf
ITtR (4)
kj=—"- 1=012. wherek:%nr2 and
and ky is the transverse wave number. op M
In solving the problem to first order, the acoustic pres-  |o(A) = 25 | 36 do =
sure distribution is taken to be n Gzﬁf (o)
2
Cogt+1mo) {1=%1
Y = (ki 1) Cog z){C E(mS . ) {e=21 (5) A CogA) +[ 1 _1]_
og md) Cob X smz(x) Sin(%)
The solution for the vorticity follows exactly the ap- =_£
proach described by Flandto.The result is n? J
S|n(c5)
‘E
@) e )——§ j 1 o=-3un Tar(x] 9
oy’ =0(k) n . f(o) n 2
BaorE p(¢)s-r(2){c°f“+mﬁ—w) 2
oNEeX | ”
B Cog M) Co t ) hoo(h) = ? f (6) _ j
“nof (c) o GSIn(G)
(x)(el) =Kk & © -

+[%]BX0 rfhgyoExp(¢) zCo¢ *
|

. {Sin(t+ 1Mo - y)
Cog mp) Siff t )

{ Buo + EXH() Cog a{‘_sm(” Lme-v) ]

o) =
Sin(me) Co$ t v)

7 =

where

The constant® , , in the solution are defined as

m
Boo = —?‘]m( I(mn)
1
2 2
ne(m
Byo = —7(r) Im(kmn)



Mean flow corrections are second ordeeffect; wave:
the series have therefore been appropriately extended. T
The velocity is once agaisplit along the lines of a k  KmnTK
. . . S=———=———
classic Stokes-Helmholtz decomposition. The circum- Mp Mp

flex denotes the acoustic (irrotational) part Wherea%vhere the transverse mode integers are m,n and | rep-
the tilde identifies the rotational component. Insert- asents the longitudinal component. Thus there is an
ing the perturbation expansions into the vorticity ”ansinteresting connection between the temporal frequency

port equation and taking the time average qu.@z) of the acoustic wave, and the spatial frequency of the
equation, attendant vorticity wave. The importance of the mean

2) (2) 13 @)\ _ flow Mach number is readily apparent. Since in gen-
VX <‘” xU+Qxu >+§<V xVxo >_ eral, My, is quite small, then S is a very large param-
1 . @ /@ ® (1) etgr as Table 1 ;hows. This' will 'have important im-

= —M—bV X <‘D xu >+ ?<P VXxVxo > plications regarding the relative sizes of key terms.
It is important to realize that their are two types
where S is the Strouhal number as defined in Table Jf steady forcing (see Eq. (11)), that which arises from
At this stage, a brief review of the unsteady firstyortical-vortical interactions, and that which arises
order solution is useful. Restricting our general solufrom vortical-acoustic interactions. The distinguish-
tion to the case of a purely transverse wave, we finding feature is the spatial behavior. Simple trigono-
metric identities readily show that the time average of

(14)

Acoustic Component: all vortical-acoustic interaction terms have a functional
dependence on the important radial functas de-
@ _ 0 (ke Cog t+1 mp) fined by Flandrd
p p m{ Kmn IS 1.2
Cog ) Cob X v =—"intar{%nr?) (15)
T
uﬁl) =_EM Sin(t+1mo) (12) The main thing to realize with these terms is that as
k dr Cog me) Sirf } we proceed to solve for the velocity corrections, azi-
muthal first, and then radial, the order of the correc-
—-1Cog t+1 mo ’ ’
ugl) _ m Im(Kmn r){ _ { _ ) tion term is reduced by 1/S at each step. Therefore,
k r Sin(me) Sir( ) even if the steady vorticity correction is of O(S), the
) steady radial correction will only be of O(1/S) . This
Vortical Component: is completely analgous to the behaviour observed in
the first order unsteady vortical solutién.Our pri-
@ 1 f Cof t+1 mo— ) mary concern, then, when finding mean flow correc-
A" = 5| M Bao —5 Exp(0) tions is the identification of terms that age inde-
S r Cog mo) Cof t ) L .
pendent. These terms mimic the mean flow behavior,
1 1 —1Cog t+1 mo — ) (13) in that the vorticity is of the same order as the veloc-
g = Bao?EXp@) Sin(m6) Sir{ ) ity (see discussions of the rotational Culick mean flow
field in Ref (1) fore example). Therefore, our equa-
1 1 1Sin(t+1me — ) tion, governing the dominant steady order corrections
of) - Boo ~ EXP(0 effectively reduces to
f Sin(me) Co$ t ) y ’

V x <m(2) x U+ Qx u(2)> = —LV X <m(]) X ui(])> (16)
Both traveling (upper line) and standing (lower line) Mp
solutions are displayed in Egs. (12) and (13). The inThe viscous term on the left side has also been dropped,
teresting thing to observe is the planar nature of theince there are no steep velocity gradients associated
solution despite an axially dependent mean flow. Iwith ¥ independent terms; viscous stresses are thus
needs to be stressed, however, that this was not a comegligible. This is compatible with treating the origi-
straint imposed upon the problem, but rather a naturalal mean flow as being effectively inviscid as in
outcome of specializing our more general (three-di-Culick’s mean flow solution.
mensional) solution to the transverse mode case.

The Strouhal number, S, controls the wavelength
of the unsteady vorticity wave. It is vital to note its
modified definition for the case of a three-dimensional



Expanding,, r<|ﬁ(r2)> i(% B2, Uy (%) Cog2 me))

Mp
1a(rur<m<22)>j r<m(e2)>=i(% B2, g (1) Sin(2 me))
r ar

(20)

— Mb

g o A (17) " The unknown functionsf,and g are governed by
1 <r 0z > 1 < 6 “)Z> the following differential equations,

—_— - +_
Mp|r ar r 26

(21)
Consideration of the first order unsteady solution d 0, z_mu‘]e
readily shows that di A
<uj(1) 0)(21)>=O. What distinguishes this steady vortical flow pattern
0 from that obtained by classical acoustic streaming con-
It is only the term siderations (c.f. Maslen and Moore, Ref(1B&))that
PREN the steady radial correction is no longer constrained
<”’jr 0z > to go to zero at the surfaceThis is a crucial differ-

involving the vortical correction to the unsteady ra-8Nc€ Which explains the failure of acoustic streaming
dial velocity that is non-zero. This is yet another dem10 giVve rise to any important modification of the com-
onstration of how this readily overlooked term givesPustion processes. _ _
rise to very significant effects. It is important to note ~ Equations (21) are readily solved by numerical
that the term is only nonzero for the case of a standl"€@ns. Figure 7 shows the solution for the first trans-
ing wave. In other words, there do not appear to b¥erse mode, m =1, n = 0.

mean flow corrections of significant order for the case Pressure Antinode

of a spinning tangential acoustic wave. For a stand -
ing wave the steady vorticity correction is readily seer
to be,

g e
(18)

_ 1l mg2 1 i
=W [ n BZo wr Exp(20) Sin(2 me)J

To obtain the corresponding velocity corrections, it is
necessary to appeal to the definition of the axial vor
ticity, along with the divergence-free constraint im-
posed on the vortical component of the velocity,

(2) 2)
<m<2>>_18<”j9 ) 12(#) -
/0 o r d6o (19) Pressure Antinode
2 2
@\_1 a<r¢(r )> 1a<¢g )> Fig. 7 - Steady Second-Order Correction
V'<¢ >=? 5 "7 a8 ° for First Tangential Mode
The arrows are the second-order steady velocity vec-
Consider the followingnsatz tors. They are superimposed on the standing first-or-

der pressure field (shown as lines of constant pressure
amplitude). Notice that the flow is toward the nodes.
Most importantly it does not become zero at the bound-
ary (the burning zone) as in acoustic streaming.



Compare this to the acoustic streaming motions desurface, and the mechanical momentum transport causes

picted in upper part of Figure 5. the flame zone to approach the propellant surface more
A preliminary investigation of the steady flow cor- closely, again increasing the burning rate.

rections for the longitudinal case, also revealed that This model, as applied to the case of transverse mode

the steady radial correction was of order, oscillations agrees exactly with observations of localized
> increased burning in interrupted firings. For example, Figure

< (r2)> - O[k_I] (22) 8 (Price, Ref. (8) ) shows the condition in the grain of a

purely longitudinal wave Mp motor interrupted when the first transverse mode was

present. The two areas of enhanced burning appear to
ac:torrespond to those areas (see Figure 7) where the vortically

This supports then the experimental observation th e
the DC shift is considerably more severe for the cas'gduced mean flow impinges most strongly on the surface.

of transverse waves. That is, for the transverse modes,
the factor of the square of the wave number does n
appear. The steady velocity correction is of the orde '
of the inverse of the mean flow Mach number. This
means that in a severe transverse mode oscillation ir
chamber with an unperturbed surface Mach numbe
of, say My =0.015, the magnitude of the nonlinear
velocity correction is of the order of 70 times the wave
amplitude squared; This is a much larger correctiol.
than can be attributed to nonlinear interactions in pre-
vious analyses. It is certain to have important conse-
guences on the behavior of the burnng zone, since it

represents _conve_ctwe_ transport of the h_|gh-temperq:-igure 8 also llustrates the typical feature that there is a
ture gases in the interior of the chamber into the com-

bustion zone at diametrically opposite points. Thesignificant_axigl variation inthg amplitude_o_f the transverse
implications in terms of the heat transfer at the sur[’nOde oscillation. The most intense activity is Ioc_:at.ed fgr
face are clear, and there can be no doubt that impofrr-om the epds of the chamber and the nozz.le. This implies

N i . that there is an axial component to the basic wave stucture
tant modifications of the local burning rate with "€ trom the acoustics point of view.

sult. The correspondence with experimentally deter- ' - . .
. . Figure 9 shows similar data for an interrupted motor in
mined features of the enhanced burning geometry are, . . :
) . g hich the second tangential mode dominadfedhe same
obvious. Analogous effects appear in the longitudina

general features are present, except there are now four areas
wave case. "
of enhanced burning instead of two.

| L

We have identified a mechanism that connects the D(
pressure rise to the production of nonlinear steady vortici
corrections at the burning surfaces. The basic features
this modified flow field are analogous to those already well
established in recent studies of the linear case. The vortic
production in that situation has a profound effect on th{
system behavior. Corrections to the linear stability cod
based on findings of that research greatly improve t
predictive capability and lead to a much improved physic
understanding of the linearized combustion instabilit
problem.

The new mechanism has many features that we
anticipated in earlier models. In particular, we have
demonstrated the existence of a flow correction which can Fig. 9 - Local Grain Erosion:
carry hot combustion gases from the interior of the chamber SecondTangential Modell
back into the cooler combustion zone. Several interactions
then take place. There is enhanced heat transfer to the local

Fig. 8- Local Grain Erosion:
First Tangential M ode8

Conclusions

)
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